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ABSTRACT:
The binary quadratic equation represented by the negative pellian y* =3x* -2 is

analyzed for its distinct integer solutions. A few interesting relations among the solutions are
also given. Further, employing the solutions of the above hyperbola, we have obtained solutions

of other choices of hyperbola, parabola and special Pythagorean triangle.

KEYWORDS: Binary quadratic, hyperbola, parabola, integral solutions, Pell equations.
2010 mathematics subject classification: 11D09.

INTRODUCTION:

Diophantine equation of the form y? = Dx* +1, where D is a given positive square — free

integer is known as Pell equation and is one of the oldest Diophantine equation that has
interesting mathematicians all over the world, since antiquity, J.L. Lagrange proved that the

positive Pell equation y* = Dx* +1 has infinitely many distinct integer solutions where as the
negative Pell equation y* = Dx* —1 does not always have a solution. In [1], an elementary
proof of a criterium for the solvability of the Pell equation X* —Dy? =-1 where D is any
positive non - square integer has been presented. For examples the equations y? =3x? —1,

y? =7x*—4 have no integer solution whereasy? =65x> -1, y?=202x*—1have integer
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solutions. In this context, one may refer [2-20]. More specifically, one may refer “The on — line
encyclopedia of integer sequences” (A031396, A130226, A031398) for values of D for which
the negative Pell equation y* = Dx* —1 is solvable or not. In this communication, the negative

Pell equation given by y? =3x*—2 is considered and infinitely many integer solutions are
obtained. A few interesting relations among the solutions are presented.

METHOD OF ANALYSIS:

The negative Pell equation representing hyperbola under consideration is
y?=3x*-2 1)

whose smallest positive integer solutionisx, =1, y, =1.

To obtain the other solutions of (1), consider the Pell equation y* = 3x* +1, whose

solution is given by,

where,

fn _ (2 n \/§)ﬂ+l 4 (2 _ \/§)n+l
gn _ (2 n \/§)n+1 _( . \/§)n+1
Applying Brahamagupta Lemma between (x,.y, ) and(X,.y, ), the other integer

solutions of (1) are given by
— lf + ig
n+l 2 n 2\/5 n

5

Vou= o+ g
n+1 2 n 2 n

X

The recurrence relations satisfied by the solutions x and y are given by,

Xpi1 — 4Xn+2 + X3 = 0

n+1

Yo — 4'yn+2 Yoz = 0
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Some numerical examples of x & y satisfying (1) are given in the table (1) below.

Table 1: Examples

n X, Y.
0 1 1
1 3 5
2 11 19
3 41 71
4 153 265

From the above table, we observe some interesting relations among the solutions which
are presented below.

1. x,andy, both are always odd.

2. Each of the following expressions is a nasty number:

% 30x,,,, —6X,,,3 +12
% 27%5n,0 —3Yonis +12
s 114x,, ., —30x,,,, +12
* 9%,,.,—15y,,., +12
% 54x,,., —30y,,., +12
% 99x,,.,—15y,.., +12
% 27Xy,.4 —57Y,,.5 +12

s 198x,.,, —-114y, , +12
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>

6y2n+3 - 1BY2n+2 +12

o
25

o

*,

18Y,0.4 —66Y;,.5 +12

L)

(57X2n+2 — 3X2n+4 + 24)
2

>

L X4

3 (198X2n+2 — 6y2n+4 + 84)
7

o
A5

(18X2n+4 _114y2n+2 + 84)
7

>

L X4

o (3y2n+4 _33y2n+2 + 24)
2

3. Each of the following expressions is a cubical integer:
* (5X3n+3 ~ X3nia )+ 3(5Xn+1 - Xn+2)
4'8(:|'9Xn+1 ~ Xni3 ) + 16(19X3n+3 ~ Xanes )

12(9Xn+1 Y2 )+ 4(9X3n+3 - y3n+4)
147(33Xn+1 ~ Y3 )+ 49(33X3n+3 - y3n+5)
3(19Xn+2 — X3 )+ (19X3n+4 —SXsn.5 )

12(3Xn+2 - 5Yn+1 ) + 4(3X3n+4 - 5y3n+3 )

3(9Xn+2 - SYn+2 )"’ (9X3n+4 - 5y3n+4 )
12(33Xn+2 - 5yn+3 ) + 4(33X3n+4 - 5y3n+5 )

147(3X,,5 —19y,., )+ 49(3%,,,5 —19Y,..5)
12(9Xn+3 - 19yn+2 )"‘ 4(9X3n+5 - 19y3n+4 )
3(33x,., —19y,.5 )+ (33%,,.s —19Y,,5)
(Y2 =3Ynia) + (Vania —3Vanis)

48(Y 5 —11Y30)+16(Yap,5 =11Y50.5)
3(3Yn.s ~11Y,2)+ (3Ya0s =11Yan.s)

DS

X/
°e

7
X4

X/
°e *,

R/
X4

)

K/
X4

)

X/
X4

L)

R/
X4

X/ X/
o o -,

R/
X4

X/
o L)

R/
X4

)

K/
X4

)

@2021, IRJEdt Volume 03 Issue 02, November 2021



W,
LILYﬂIJ International Research Journal of Education and Technology

ISSN 2581-7795

IRJET

4. Relations among the solutions:

¢ j—
* You =X — 2Xn+1

>

® Yoo = 2% — Xpn
Yors = Xpio = 2Xng
4y =Xns = Xy
® 2Yhp = Xog ~ Xpn
® AYns = MXps = X
* 2Yn = Yoo —Xnu
% 2y, =30 — Yo
® 1Yo = Yos —12X
¥ Yo = 2% — X
® Yoo = Xnig —2X,0
P VYois = 2oy — X
® 2Y,5 =3+ You
¥ Yo =6Xpn + Yo
¥ Yo =3 +2Y,,

* 7yn+2 = 3Xn+3 + 2yn+1

X/
°

X/
°

K 7yn+3 = 12Xn+3 + Yo

2yn+3 = 3Xn+3 + yn+2

*

REMARKABLE OBSERVATIONS:

l. Employing linear combinations among the solutions of (1), one may generate
integer solutions for other choices of hyperbolas which are presented in the

Table 2 below.
Table 2: Hyperbolas
S. No. (X,Y) Hyperbolas
1 (Xn+2 _3Xn+1 ' 5Xn+l - Xn+2) Yz —3X2 =4
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2 (Xaes =10y, 5 19%,, = Xy05) Y2 _3X? =64
3 (Vniz =%t » ot = Vo) Y2 _3X? =16
4 (Vs =19%.1 5 33%40 = Yis) Y?-3X% =196
5 (3x,,5 —11X,.,, , 19X, —5X,.;) Y2_3X2—-4

6 (3Yna = Xn2 » BXni2 =5Y0t) Y?-3X?=16
7 (3Yn2 =5%n0 » pp =5Y,sr) Y2_3X?=4

8 (3Ynis =19%,,5 » 33%,,, =5Y,.5) Y2 -3X2 =16
9 (L1Y,0 =Xz s s —19Y,.) Y2 _3X2 =196
10 (L2y,,, =55, 9Xy5 =19Y,.,) Y2 -3X2 =16
11 (A1y,., —19x,.,, 33x,,, —19Yy, ;) Y2_3X2-4
12 (5Yn = Yorz + Yoo = 3Yr) 3Y2 X2 =12
13 L9y 01 = Yoz » Vs — 11,1 3Y2 - X? =192
14 (19Y,., =5Y.3» 3Ynis —11y,,,) 3Y2-X? =12

. Employing linear combinations among the solutions of (1), one may generate
integer solutions for other choices of parabolas which are presented in the Table 3
below.
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Table 3: Parabolas

S.No. (X,Y) Parabolas
1 (X2 =3Xpu1 s 5¥opip = Xonys +2) 3X2=Y 4
2 (Xpis =100 5 1%, = Xpp,q +8) 3X2 =4Y - 64
3 (Vo2 =5%na » Nonio = Yonss +4) 3X2 =2Y-16
4 (Vnis =19%1  33Kgnz = Vapeq +14) 3X2 =7Y-196
5 (3%p.5 =12X,5 4 19%y0.5 = 5X50,4 +2) 3X2=Y -4
6 (3Ynia = X0z + BXonis = 5Yansr +4) 3X2 =2Y-16
7 (3Yni2 =5%n.2 » Nonis —5Yons +2) 3X2=Y -4
8 (3Yn1s =19%1,5 + 33Kap,5 =550, +4) 3X2 =2Y-16
9 (L2Y,1 = Xoug s Boneg —19Y,,,, +14) 3X2 =7Y-196
10 (LY, —5%nis + 9Xopeg =19V, +4) 3X2 =2Y-16
11 (1y,.s =195, 33X,,., —19Y,,., +2) 3X2 =Y _4
12 (5Yna = Yoz » Yones = 3Vanio +2) X2 =3Y-12
13 (19Y,1 = Yois  Yanes —11¥50,, +8) X? =12Y ~192
14 (19Y,,2 =5Ynis + 3Yanes —11¥0,5 +2) X? =3Y-12
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I1l.  Consider p=x+Yy, q=x. Observe thatp > q > 0. Treatp, g as the generators of
the Pythagorean triangle T( X, Y, Z ),

where X =2pq,Y =p®>-q*,Z=p* +q°.
Let A and P be denote the area and perimeter of the Pythagorean triangle.
Then the following interesting relations are observed:

a) 2X-3Y+Z=4

b) 2Z-5x+ 28 _ 4
C) Xy—2_A
P

CONCLUSION:

In this paper, we have presented infinitely many integer solutions for the hyperbola
represented by the negative Pell equation y? =3x*—2. As the binary quadratic Diophantine

equations are rich in variety, one may search for the other choices of negative Pell equations and
determine their integer solutions along with suitable properties.
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